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optical thickness of the medium increases over all limits, the
solution for finite medium reduces to that derived by the
author.

The scattering process in the radiative transfer problem, as
formulated by the author and by the forementioned investi-
gators, is defined only for the intensity of the scattered radia-
tion and is given by a simple scalar function. However, for
the cases of anisotropic scattering which oceur in the planetary
and stellar atmospheres, the scattering produces polarization,
which substantially affects the intensity distribution, as
demonstrated by Chandrasekhar. A more realistic solution
of radiative transfer in a medium with anisotropic scattering
requires the introduction of polarization effects, neglected in
the forementioned studies. As shown by Chandrasekhar, the
simple secalar equations have to be replaced by vectorial
equations, the intensity or quantum emission by a matrix
with four elements, the so-called Stokes parameters. In this
case, it is difficult to use the probabilistic method, and it is
preferable to solve the problem with the use of either the
prineciples of invariance or the method of invariant imbedding
.(Bellman and Kalabas). The resulting equations for the
matrices defining the diffuse reflection and transmission have
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been derived rebently by Sekera’ and the method of their
solution demonstrated for the case of Rayleigh scattering in a
finite plane-parallel inhomogeneous medium.

—Z. SERERA
Professor of Meteorology
University of California
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Theory of an Inertial System

V. A, KARARASHEV

In this article, the possibility of obtaining a geographically oriented accelerometer plat-
form with a natural oscillation period of 84.4 min is examined in the first approximation.
The influence of gyroscope drift on the motion of a gyrostabilized platform and an acceler-
ometer platform is studied, and errors in the determination of the coordinates of a moving ob-
ject generated by drift of the ‘‘reference’ coordinate system are derived. The study is con-
ducted under the assumption that ideal elements are used in the system (with the exception
of the floating gyroscopes), i.e., elements not containing inherent instrumental and design

€rrors.

INDEPENDENT of type and construction, the use of any in-
ertial system is based on the determination of a course
which is applied to automatic or semi-automatic control of a
moving object. The self-contained determination of the in-
stantaneous location and other elements of the motion of an
object is accomplished in inertial systems by measuring accel-
eration, gravitation, angular velocity, and time in some pre-
viously chosen coordinate system.

1. _The inertial system under examination has the following
layout (Fig. 1).

A platform with two orthogonally placed accelerometers A,
and A, for measuring acceleration along the x and y axes was
installed on a three-axis gyrostabilized platform, which main-
tained constant orientation relative to the fixed stars, using an
“‘equatorial support,” the axis of which was directed along the
axis of the earth’s diurnal rotation?® (Fig. 1).

The accelerometer platform was maintained in a geographic
coordinate system by servosystems which included various
computers, a clock, servomotors, and other elements.

Coriolis and centripetal accelerations are eliminated from
the output signals of the accelerometers by special computers;
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the corrected output signals of the accelerometers go to the in-
puts of corresponding integrators.?

Let us examine the operation of the servocircuits. When an
object’s latitude ¢ undergoes accelerated change, a signal from
accelerometer 4, enters the integrator I,,, the output signal
of which is proportional to the object’s velocity V;. The cor-
recting device CD, converts the output signal of integrator I;,
into a signal which is proportional to the angular velocity
V1i/R, which is again integrated by the integrator I, and
applied to the amplifier U,. The amplified signals enter the
control winding of the servomotor S} ., and the latter turns
the accelerometer about the axis of suspension z.

When the object’s longitude N undergoes accelerated
change, a signal from accelerometer 4. enters integrator I;,.
The output signal of the correcting device C'D,, proportional
to Va/R cose, enters the integrator I, is again integrated,
and enters the summation device SD. Here it is added to a
signal from the clock C, proportional to the angle of turning
due to the earth’s diurnal rotation. After amplificationin the
amplifier U,, the signal ugp enters the control winding of the
servomotor SM,s, which turns the accelerometer platform
about the O,z¢ axis.

The sensitive elements of the gyrostabilized platform are
three floating inertial gyroscopes (FIG) whose angular mo-
menta are oriented perpendicular to the axes of stabilization.
The output sighals of the gyroscopes are distributed through a
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Fig. 1

coordinate converter between the amplifiers of corresponding
servomotors of the platform.

The instantaneous values of latitude ¢ and longitude A of
the moving object can be obtained in the system by special
angle pickoffs 74, and T4 connected to the corresponding
axes.

2. The gyrostabilized platform of the inertial system is in-
tended to maintain a “reference” coordinate system £x{, which
is fixed relative to the stars, from the following axes of orienta-
tion (Fig. 2):

¢{—directed upward along earth’s axis of diurnal rotation
£—directed to east in initial time instant
n—forms right-hand coordinate system with £ and { axes

Let us connect the coordinate system weyeze with the gyro-
stabilized platform. Its axes are arranged as follows when the
gimbal angles ¢; = 0 (+ = 1, 2, 8): 2¢ is directed upward
along the platform’s axis of rotation about the inner gimbal
support; ye coincides with the axis of rotation of the inner
gimbal about the outer one; zg coincides with the axis of ro-
tation of the outer gimbal about the case of the instrument and
forms a right-hand coordinate system with the ye and z¢
axes.

A table of the cosines of the angles between axes of the
£q¢ and zeyeze systems when the angles y; are small can be ob-
tained easilv from Table 1,2 substituting ., ¢s, and ¥, for
a, 3, and §, respectively.

We obtain expressions for the projections of the instan-
taneous angular velocity of the platform’s turning about the
Ze, Y, 2 axes, using Table 1 and Figure 2:

Weg = —¥3 — Yae wig = Y2 — Yats
Wi = \[/1 + ¢2¢3 (1)

The precessional equations of motion of the gyrostabilized
platform, without taking into account gimbal friction, can be
set up ysing Fig. 1:

Hwyg + px0) + kaky-tta =0
Hlw.g — pxs) — ka-ky =0
H(w.g + pxs) + kaky-us = 0 )

where H is the angular momentum of the gyroscope; x: the
angles of deflection of the floating gyroelements from the zero
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Fig. 2

position; u.; the output voltages of the gyroscopes’ angle pick-
offs; and k. and %, the transmission coefficients of the servo-
motor and amplifier.

Henceforth, in order to simplify the differential equations of
motion, we shall not take into account the gyroscopic torques
which depend on the platform’s angular velocity. These gyro-
scopic torques can be compensated if two electrically con-
neeted identical floating inertial gyroscopes with cppositely di-
rected kinetic momenta are used for stabilization along each
of the axes of the platform. In order to average the total
output signal of each pair of gyroscopes, it is necessary to pro-
vide an electronic averaging device. Using paired gyroscopes
also permits elimination of inertial errors due to angular ac-
celeration about the axes of precession of the floating inertial
gyroscopes.

The equations of motion of the floating gyroscopes, operat-
ing under conditions of geometric stabilization, without taking
time constants and inertial errors into account, can, for linear
angle pickoffs, be represented in the form

_ kH M B2>
Uy = ka <wz(} + H )

o BH (M
cl—ka Wyg H (3)

v (M
oa_ka wz(; }I

where kr and k. are the coefficients of damping and amplifica-
tion of the angle pickoff, and M . is the torque about the gyro-
scope output axes.

If the gyroscope has a low drift rate, the angle of deflection
of the platform from the inertial coordinate system gn¢ after a
long time interval will remain small. This assumption per-
mits the components of the angular velocity due to kinematic
coupling to be neglected.

With the foregoing assumptions, it is not difficult to obtain
the precessional equations of motion of the gyrostabilized plat-
form from Egs. (2), (3), and (1) (neglecting second-order
terms) :

1 t
=g L M ga(r)dr
Vs = }; [ Mnrrar @

Us = 111—1 j; * Mpa(r)dr

The gyrostabilized platform in time leaves the inertial co-
ordinate system owing to the presence of disturbance torques
about the axes of precession of the floating inertial gyroscopes.
From Eqs. (4) one can obtain a concrete expression for the
angles ¢;, if the torques M p; are given.
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3. Asalready indicated, the accelerometer platform is used
in the system for making a model of the geographic coordinate
system £omofo, the axes of which are directed to the east, the
north, and the zenith, respectively.

In order to study the motion of the platform, let us connect
an ryz system to it, whose axes are directed as follows (Fig.
3): zis perpendicular to the platform’s plane upward; z is
along platform’s axis of rotation in its gimbals directed to the
east; and y lies in the plane of the platform and forms a right-
hand coordinate system with the 2 and z axes.

Since the accelerometer platform has two degrees of freedom
relative to the gyrostabilized platform, two differential equa-
tions are required to define the dynamics of the servocircuits
which accomplish stabilization of the platform in the geo-
graphic coordinate system.

In order to set up the equations of motion of the platform,
let us use the torque equation

]ka=Mk k=x,zG

which can be represented in the form

[ wntmrar = %; [ [ mmrarar 5

From the diagram of the system (Fig. 1), it is apparent that,
if the output signals of the second integrators enter the control
windings of the servomotors, then an appropriate choice of pa-
rameters of the individual elements of the accelerometer plat-
form will cause it to behave similarly to an undamped pendu-
lum with T’ = 84.4 min.

The differential equations of motion of the accelerometer
platform are easy to obtain using Eq. (5) and Fig. 1; for brev-
ity, let us write them in symbolic operator form

%wx - Il W)W (D)W 20 W)W (P ()

1 1
S g = —

7 W)W ,(p) Wes(p) [W(D)w, +
P P

W p)We@) W o(pla=(p)]  (6)

where Wa(p), W,(p), W), Walp), Wisp), Wri(p), W.(p),
and W3(p) are the transmission functions of the servomotor,
amplifier, integrator, accelerometer, correcter, clock, and sum-
mation device, respectively, and a.(p) and a,(p) are the cor-
rected accelerations along the x and y axes of the platform.

The instantaneous values of the misalignment angles of the
accelerometer platform in the £mof, coordinate system (Fig. 3)
can be represented in the form

Ay, 8= B+ Aw,

o= a -+

Awg,

8 =6+ N

where g, B, 8 are the initial misalignment angles of the plat-

Fig. 3
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Table 1
3 7 ¢
2g 1 ] —¥s
Yo - 1 — 3
2g %2 ‘l/s 1

form in the &noto coordinate system; and Aw., Awy, Awg the
angular velocities of the accelerometer platform about the
corresponding axes due to the gyrostabilized platform’s drift.
If it is assumed that coriolis and centripetal accelerations
are subtracted from the output signals of the accelerometers,
the expressions for the accelerations in the case of low vehicle
velocity can be represented by the following approximation:

a, = pVs+ pVid — ga
ay = pVi— pVab — g8 ®)

The aceelerometer platform turns relative to the fixed stars
about the x and z¢ axes with the angular velocities

Wy

Vi

V,
R cose

w,g = pe + w, + + Awsg 9)

where e is the misalignment angle of the accelerometer plat-
form about the Oz¢ axis.

Assuming that ideal elements are used in the servocircuits,
after substituting the angular velocities from Eqgs. (9) and the
acceleration from Egs. (8) into Eqgs. (6), we obtain

Vi _ kak ki bk _ B
pﬁ + R + sz'-—— ——"—-II (V1 V25 gp)

Ve

_ kdkykc3
R cose T Awwg = I

1 e
khoik o P (Vz +Vis — g;})] (10)

pe + we + [:krwe +

where k4, ky, ko, ki, ki, ko denote the transmission functioﬁs of
the corresponding devices.
Imposing on the system the following conditions:

kdkykizkkka kdykca

1
1. R Lo —©
. 1 .
kikik, = 7 =1 1)
we obtain from Eqs. (10):
98 Vi
pB + Rp + 7 8 = —Aw,
g o N V1 _
pe R pcose Rcose ) Awsg (12)

From TFig. 3, when the angles a, 8, and § are small, it follows
that

pa = Pe COSP Pé = pe sing (13)
Table 2
£ 7 ¢
& —sinA* cosA® 0
To —sing cosA* —sine sinA* coS¢
Co cosg COSA* cose sinn* sine
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Multiplying the second equation by cose¢ and sing, re-
spectively, we obtain differential equations which describe the
behavior of the accelerometer platform

a ¥V
pa—l—u‘l;—l?]c?:—z&wm
pﬁ'—l—v?é—I—K?B:—sz

p R

5+v2§—l7~15tan = —Aw 14
p » R ®L $o ( )

where »2 = ¢g/R.
As is apparent from Eqs. (14), the presence of the compo-

nents

Vi Vo Vi

R 8 I b R § tane
does not allow free oscillations of the accelerometer platform
at the Schuler period. However, if the platform is somehow
corrected using a precision gyroscopic compass, these compo-
nents will, when the angle & is small, be values of the second
order of smallness and can be neglected. In this case, Eqs.
(14) takes the form

d+v2f0tad*r= — Awy,
B+u2ﬁt6d7= — Aw,

5+ 9 f; sdr = — Awy, (15)

In order to determine the components of the angular veloe-
ity vector of the damping of the gyrostabilized platform along
the axes of the geographic coordinate system, let us set up a
table of cosines of the angles between the axes of the £54{ and
£omoo systems (Table 2).

In Table 2, A* should be understood as

‘ A= N F w
Using Table 2 and Fig. 2, it is easy to obtain
Awg, = ¢ cosA* + f; sin\*
Awy, = ¥y cose + (s cosh® — s sin\¥)sing
Awy, = i sing + (fs sinA* — 3 cosA*)eose  (16)

Since the vehicle moves with a low velocity, differentiating
Eq. (15), having substituted the angular velocities of drift
from Eq. (16) and neglecting values of the second order of
smallness, we obtain

& 4 va = (Y sinN* — 3 cosA®)sing — ) cose
B+ v = — (P cosN® + ¥y sin A¥)
54+ v = (Js cosN* — Jo sin\¥®) cose—y sine  (17)

In real instruments, gyroscopes with drift rates having ran-
dom time functions are used. However, in order to study the
influence of drift of the gyrostabilized platform upon the ac-
celerometer platform’s motion and upon the errors in the out-
put signals of the system, we shall assume that in some indi-
vidual case, after a small time interval, the gyro drift torques
vary as follows: '

]‘[B[ = a]t + 223 JIBZ = blt + b2
Mps = et + ¢ (18)

The differential equations of motion of the accelerometer
platform, after substituting the torque Ms. into (17) and tak-
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ing Eqs. (4) into account, will have the form
& + via = I:(ﬂ sin(wd + N) —
H (4
b—lcos(wt—l—)\) sing — 2 cos
7 L
B+ m8=—| Zeos(wd + N) +Zﬁsin(w £+ 0
H e H €!

N b,
os | 2L _
0 4 2% [H cos(wet + )

a . ¢
}—} sin(wel — )\):I cosp — ﬁsm@ (19)

Assuming that at the initial time instant ¢ = 0:

o = a B = Bo 8 = 8
@ = —Aw, 00 B = —Aw, (0)
b = —Awg (0) (20)

since the angles of deflection of the zyz coordinate system
from the geographic coordinate system £ynolo are small, we ob-
tain, after integrating (19), the equations of motion of the ac-
celerometer platform:

od* L . .
a = ap* cosvt + 2 st + ——— sing sin(wet +
vH p?: — w,?
Y =
+ pa) — sapp 08¢
Boa ™

. L
B = Bo* cosvt + sinpl + ———— sin{wet + A + pp)
2 — w,

vH
doa* L
24 gint —+

1,2 —

5 = 8% cospt _—
¢ OV+VH w,?

cose-sin(w. +

c .
N+ ps) — ﬁ,smw (21)

where

(by coshg — ay sinkg) . €
Ny + —= ¢S

OZO* = Qg —|— H(yz _ wez) S1 2 H

dod* = I:(llz SiYI)\o - b2 UOS)\()) -

We (al COS)\() +b1 Sin)\o) .

2 2 51Ny — €2 COSYy
y? — w,

ay coshg -+ by sinkg

Bo* = 60 + H(V2 — w,z)

w(b1 cosAg — a; sinkg)
v — w,?

Boa® = —(as coshg + by sinkg) 4+

(a1 8inXg — by coshg) .
oS¢ + ——— singg

8o¥ = 6 + H{(p? — w2 viH

Sos* = (by cosAg — @ sindg) cosgy +

[M(al cosho + by sing) :I .
— 2 | 81Ny

v — w,?
I = \/a12 + b2
H
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pa = —arctan (by/a,) pg = arctan (a;/b))

ps = —arctan (b;/a,)

As follows from Iqs. (21), the motion of the accelerometer
platform for a particular gyro drift torque function Mg, is
accomplished with two periods: 7 = 84.4 min and T, = 24
hr.

4. Errors in the determination of the instantaneous co-
ordinates ¢ and \ of the vehicle, taken in the form of output
signals of the second integrators, are represented in the form

Ap = _szot fot/ Bdrdr’

AN = —p2 geco’ fotfot adrdr’ (22)

It

since

Ap = o) — o(t) AN = N(t) — MO (23)
where ¢ () and A(f) are the true coordinates of the object, and
@.(t) and \,(t) are the coordinates at the output of the second
integrators.

Let us assume that ¢ and N\ are constants, in view of the
comparatively low velocity of the vehicle. Then, substituting
« and B from Egs. (21) and assuming that t = 0, S = V = 0,
after double integration (without taking the small term
w,*/v? into account), we obtain

Y *
Bp = — [a;; +§Sin“’ cos(h + p“)]“r

*
ap®(cosvt — 1) + Qod sint + L sing [sinwd + (A +
vH w2
pa) —sin(x + Pa)]

AN = secp {[M — 6——] t+ BO* (cosvt — 1) +

E3
0d
we H
B ‘s
o0d
vH

sinvt — wLJZ [sin(wd + X + pg) — sin(\ 4 PB)]} (24)

If the disturbing torques cause only a constant drift of the
gyroscopes, errors in the determination of ¢ and A are obtained
from Eqs. (24), assuming @, = b; = ¢; = 0:

Ap = %[02 cosgy — (aasinkg — bz coshg) | X

<t — %sinvt) + g (cosvt — 1)
1 .
AN = sece {f[ (a2 cosho + basing) X

<t — %sinut) + Bo (cosvt— 1)} (25)

As can easily be seen, even in this most simple case, errors
in the determination of the coordinates grow with time, which
causes additional errors in the system; for example, coriolis
and centripetal accelerations will be calculated with some
error.

5. Now let us examine errors in the determination of the
latitude and longitude of a moving object when they are
taken as angles between the corresponding axes of two plat-
forms.

From Fig. 2 it is apparent that the latitude of the vehicle
may be obtained by means of a special pickoff TAg between
the y and z¢ axes. Owing to the gyroscope drift the z¢ axis
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of the gyrostabilized platforn is at some time instantly de-
flected from its primary orientation at an angle

B, = fo‘ Awidr= [Lt sin(wd 4+ A = o) +

)
L . ) .
o sin{wd +N + pﬁ):l 4+ Lisin(wd + N+ po)  (26)
where
1 _
L= §24 \/0«22 + b2

pe = — are tan (bs/ay)

Therefore, the error in the determination of latitude, ne-
glecting values of the second order of smallness, will be the fol-
lowing:

- .
Apg = Bo* cosvt + %% sinvt + o {Lt sin{wed + N+ po) +

L . . .

> [sin{wst + N 4 pg) —sin(X + pp) 1 + Lisin(wd + N + pc)}
(27)

and for constant drift

Apg = B cosvt — (az coshg + bs sinkg) sinvt +
L .
o sin(wd + X+ p.)  (28)

There is a special angle pickoff TA, in the system for deter-
mining the object’s longitude geometrically. It measures the
angle between the z¢ and x axes:

®=wit+N+et+on

However, in order to obtain A, it is necessary to eliminate
the angle w.t mechanically or electrically. Then the pickoff’s
output signal will be proportional to the angle

A+ et e
and, therefore, the error in determining longitude will be
Mg =¢+ o (29)

The error in the determination of A due to drift of the gyro-
stabilized platform is determined easily from Eqs. (4) and
(18):

P\ = (cit?+ cot) + Yo (30)

The accelerometer platform’s motion in the plane of the an-
gles e is found using the second equation in (12):

é+v2ﬁledr= —

Differentiating the equation with respect to time, we ob-
tain

%]

£+ vie = — 7 (31)
Assuming that at the initial time instant ¢ = 0, € = &,
€ = —¢,®, we find the equations of motion of the platform in
the plane of the angles
e Y ot — - sinpt — L
€= <eo + V2H> cosyt Tt sinvt H (32)

Thus, the error in the geometric determination of the longi-
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tude of the vehicle has the following form:

1 €1
A)\G = E (C;t2 + Czt) + <60 + ;,2—}[> cosvl —

Ca . C1
A sinvt + Y — 3% (33)
and for constant drift
ca .
Alg = %2 t + € cosvt — ;1;_21 sinvt + Yo (34)

If follows from the foregoing equations that errors in the
determination of latitude and longitude using this particular
method of instrumentation will be less when the gyroscope
drift is constant.

In conclusion, it should be noted that this system can work
without additional correction only during a comparatively
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short time interval. Therefore, for precise navigation it is
necessary to have additional information sources, the use
of which would provide periodic correction for the gyro-
stabilized platform.

—Submitted January 26, 1961
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Reviewer’s Comment

The paper presents an analysis of an inertial system using a
five-gimbal platform: a two-gimbal platform containing
two orthogonal horizontal accelerometers mounted on the
inner element of a three-gimbal platform which also contains
three orthogonal gyros. The element containing the gyros
is stabilized so that it is fixed in inertial space, with the outer
gimbal axis of the accelerometer platform free to rotate about
an axis parallel to the earth’s axis of rotation.

A comparison is made between the errors in position output
caused by gyro drift using two methods of instrumentation:
double integration of the outputs of the accelerometers
and measurement of the gimbal angles of the accelerometer
platform. The equations are simplified for the case in which
the vehicle velocity is slow compared with the velocity due to
the earth’s rate of rotation and indicate the effects of the
Schuler oscillation and of the periodicity due to the earth’s
rate of rotation.

The author’s main conclusion is that the system errors
using the platform pickoff method of instrumentation are
inherently less than those using double integration of ac-
celeration, considering constant gyro drifts as the only source
errors. This conclusion is, in this reviewer’s opinion, wrong,
based as it is on a series of errors:

1) In Table 2, and thereafter, sinA* should be replaced
by —cos\¥, cosA* by sin\*; similar substitutions should be
made for A.

2) In Eqs. (17), terms of the form Jw, are omitted; it is
precisely these terms which cancel the apparently important

system errors of Eqs. (25).

3) InEgs. (24) and (25), the position errors causing errors
in latitude and longitude are interchanged; i.e., the right-
hand side of the first equation and the contents of the outer
bracket in the right-hand side of the second equation should
be interchanged.

Despite these errors, there are features of this paper which
offer an insight into the state of development of inertial
systems in the Soviet Union. One of these is the proposition
of a five-gimbal platform. Such a platform offers definite
simplifications in computation but at the expense of platform
size and weight. The availability of small, lightweight
computers would make such a platform obsolete, except,
perhaps, for naval vessels.

Another interesting point is the form of the gyro drift
torques given in Eqs. (18); it is apparently made up of
two parts: a constant drift torque and a drift torque changing
at a constant rate, sometimes called “trend.” The inclusion
of this latter term in a simplified analysis, in which acceler-
ometer errors and random gyro drifts are not considered, would
indicate that it is considered very important. It is perhaps
also worth noting that the periodic drift rates due to the
change of the gravity vector with respect to the space-
stabilized gyro platform at the earth’s rate of rotation, caused
by mass unbalances in the gyros, are not considered.

—HzRBERT WINTER
Avionics Division
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